The problem of normalization related to a Klein-Gordon particle subjected to vector plus scalar energydependent potentials is clarified in the context of the path integral approach. In addition the correction relating to the normalizing constant of wave functions is exactly determined. As examples, the energy dependent linear and Coulomb potentials are considered. The wave functions obtained via spectral decomposition, were found exactly normalized.
Introduction
Several authors have studied the problems of energydependent potentials in relativistic and non-relativistic quantum mechanics. For example, in the non-relativistic case we have the energy dependent potentials which were considered by the Schrödinger equation in 1D, 3D and D dimensions [1] [2] [3] [4] , the many-body problem with energy dependent confining potentials [5] , the problem of equivalent local potentials [6] , the linearly energy dependent potentials which have been discussed semi classically [7] , the static properties of systems of heavy quarks described by potentials depending on the energy [8] and recently the normalization problem of wave functions for energydependent potentials which has been examined in the con- * E-mail: lyazidchetouani@gmail.com text of the path integral approach [9] . Further examples are given by the Darboux transformation of Schrödinger equation with an energy-dependent potential [10] , the inverse scattering problem [11] the trace formulae [12] and linear representation of energy-dependent Hamiltonians [13] .
In the relativistic case, the Klein-Gordon (KG) equation with an energy dependent potential has been exactly treated in D dimensions using the Nikiforov-Uvarov method [14] . The iteration asymptotic method has been used to evaluate the Dirac equation with a Coulomb potential depending on an energy term which incorporates coupling Coulomb-like, tensor interaction potential under p-spin and spin symmetry [15] .
In this paper we, using the formalism of the path integral [16] , clarify the normalization problem of the wave functions when interactions described by the energy dependent potentials are present in the Klein-Gordon equation. As an example, the wave functions are extracted, using spectral decomposition, from the determined propagator for both the linear and Coulomb potentials with energy dependent parameters. This paper is organized as follows: in Section 2 of this paper, the formulation of path integral form spinless particles with interactions dependent on energy is given. From the spectral decomposition, it is found that the normalization of the wave functions is modified. This change is determined in Section 3 following three approaches: -Directly starting with the KG equation and from the orthogonality condition of the wave functions.
-Using the continuity equation and by requiring that the probability for the KG equation must be positive or negative and respectively correlated with positive or negative energies.
-Using the (variant) Feynman-Hellmann theorem [17] adapted to the relativistic case without spin. Finally, in Section 4, two types of potential, linear and Coulomb are used as examples to calculate the propagators. Due to the dependence on energy of the potentials, it is shown that corrections related to the normalization constants can be obtained from the wave functions identified through spectral decomposition.
Propagator and spectral decomposition
The propagator K ( ; ), which we propose relating to the spinless particles is solution of following equation
and its expression is
where M 2 must be understood as M 2 − 0 + Following the usual procedure of construction of the path integral, first the time interval is divided into N + 1 infinitesimal equal parts ε = λ N+1 , the exponential is decomposed into N + 1 exponentials (according to Trotter (see e.g. [16] ) ) and then the closure relations
and 
Then, the discrete form of K is
)) 2 (6) where to simplify, the considered electromagnetic field was reduced to its scalar part:
and after integrations on the variables ( 0 ) we obtain
which can be reduced after integrations on the ( ) to
which can be rewritten in following compact form
For fixed E, the propagator admits the following spectral decomposition,
where 2 (E) and ψ (E) ( ) (with |ψ (E) ( )| 2 = 2 (E)) are the eigenvalues and the eigenfunctions respectively associated to operator energŷ
and
As the denominator E 2 − 2 (E) = (E − (E)) (E + (E)) is a product of two factors, we assume that there are two poles or roots (one for each factor). Then in the vicinity of the two poles ± E we have
1 E+E respectively and the integral on E
can be easily performed and gives the usual spectral decomposition of propagator (15) where now, the link between the wave functions is the following
where
These states Φ E ( ) are normalized as follows (see [9] )
or
Let us note that if V and S are independent of E
contributes to and consequently = 0. In this case, the normalization condition becomes
Thus, the additional factor (1 − )
modifies the usual normalization condition of the Klein Gordon equation and becomes, for the energy-dependent potentials, as follows
Determination of correction
Let us determine the correction The purpose is to determine the correction provided by general energy-dependent potentials and to show that it is the following
Indeed, this change in the normalization condition can be simply obtained from the continuity equation. First, let us examine this problem of normalization by considering the Klein-Gordon equation
and its complex conjugate
From these two equations multiplied respectively by Ψ and Ψ * , after subtraction we obtain
It is clear that the last two terms represent 
is the density. This density is obviously not positive definite. Now, if we consider respectively two states Φ E ( ) and Φ E ( ) related to energies E and E we have
Multiplying the first equation by Φ * E ( ) and the second (complex conjugated) by Φ E ( ), after subtraction and integration over the whole space, we obtain
and since 2E δ = (E + E ) δ , this relation can be rearranged as follows
which is the orthonormalization condition for the energy dependent potentials.
At the limit E → E ,
, this condition can be reduced to the following normalization condition given in (20) or in a more convenient form
In the case where S and V are independent of E : (
and at the limit E → E , the previous condition is reduced to
Let us return to the expression of ρ and let us decompose Ψ on the basis {Φ E ( )}
and after inserting the previous series, ρ becomes
As the result of integration on the variable
is simple, we have for ρ the following expression
where the time independent term C { } has been omitted because it does not contribute to the continuity equation. Now, let us integrate over the whole space by taking into account the orthogonalization relations, then it becomes
and thus, if this expression is multiplied by a charge, the result is consistent with the usual reinterpretation of density relating to the Klein-Gordon equation. Finally, let us establish the link between and (18). Let us return to the following equation
After having carried out the derivation with respect to E and multiplied (39) by Φ * E ( ) and integrated over the whole space, we obtain
First, an integration by parts twice, shows that
(E) ( ) and then the term of second member can be rewritten
which eliminates the second term of first member. Thus, it remains
Now, let us choose (E) → E then Φ (E) ( ) → Φ E ( ) which is a solution to the Klein-Gordon equation related to energies E
So,
and finally
This result is nothing other than the adapted version of Feynman-Hellmann theorem (see for example [17] ) to the energy dependent potentials.
Applications
To illustrate what has been said, let us consider two forms of potential chosen with the same power for the energy dependence to avoid complications in the calculations. In order to avoid complex values the parameters S 0 and V 0 are taken such as S 0 > V 0 :
• Linear potentials
• Coulomb potentials
Linear potentials case
The propagator is given by (see [18] )
and D ν ( ) are parabolic cylinder functions ( we can also use the relationship of Mehler (see [19] )). From the Γ−function, the poles are given by 1 2
Let us consider the following particular values of
From the poles of Γ− function of Eq. (50) the energy E is given by
where K = Hermite polynomials H ( ) (see [19] ) and after the integration with respect to E, then
we obtain from the spectral decomposition of propagator, for this case, the following wave functions
• q=2 (quadratic in E): ω 2 E = 4ω 2 (1 + γE) 4 From Γ and at in the vicinity of poles
we obtain the two energies
Then, the wave functions are
with ω Eq. (58) can be solved via the following equation of second order (see [20] ).
where A 1 = ± 8 + 2 1 − 4 1 . Thus, there are four solutions
3 is the solution of the following cubic equation
From the four solutions (59) only two roots lead to normalizable wave functions, one positive E + and the other negative E − After integration on E, we obtain the spectral decomposition of K
the normalized wave functions are
with ω ± = 2ω 1 + γE ± and E ± verifying Eq. (59). Note for γ = 0 ω E → 2ω (in all three cases) we obtain the energy and wave functions of the linear potentials.
Coulomb potentials case
The corresponding propagator has the form
with the Green function G RC ( ; E) of the radial Coulomb potential given by (see [18] ):
As before, the poles are given by :
For the sake of simplicity, we take V 0 = S 0 then β = 1 2 and α = 2V 0 (E + M) (1 + γE) Let us consider particular values of
0 (E + M) 1 + γE From the poles of Γ−function of Eq. (66) the energy E are the solutions of the following cubic equation
Hence, we get
with D ) to ensure the normalization of the wave functions Using the relations (see [19] ):
and after integration on E, we obtain from the spectral decomposition
the normalized wave functions
verifying Eq. (68).
• q=1(linear in E): 
is the solution of the following cubic equation ) to guarantee the normalization of the wave functions After integration on E, we obtain from the spectral decomposition
) and E ± verifying Eq. (75). Note for γ = 0 α ± → 2V 0 (E ± + M) (in the two cases) we obtain the energy and the normalized wave functions of the Coulomb potentials. 
It is obvious that we can also choose other values for . Also for the linear potentials, all the constants of normalization of the wave functions obtained can be ascertained using the normalization condition (31), Eq. (50) and the relations (see [19] 
For the coulomb potential using the normalization condition (31), Eq. (66) and the relations (see [19] ) 
Conclusion
In this paper, we have examined the energy-dependent potential in the Klein-Gordon equation using the path integral approach and have justified the change (31) in the constant normalization of wave functions for a KleinGordon particle subjected to vector plus scalar energydependent potentials. The correction due to the energy dependence was determined first, by directly using the KG equation, then by considering the continuity equation and finally by adapting the Feynman-Hellmann theorem.
As an application, the cases of the linear and Coulomb potentials with energy dependence are considered. For such potentials, the propagators are determined and from the poles. The spectrum of energy and the normalized wave functions have been extracted. It is easy to verify that the corrections relating to potentials which were considered are correct. Finally, it is useful to note that the problem of dependence on energy for relativistic spinless particles is considered in this paper for the first time by the path integral approach and that a link of this approach (path integral) must certainly exist with the one developed for Schrödinger equation with dissipative components [21] . This analysis could be considered later.
